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Abstract. A self-contained description of algebraic structures, obtained by combinations of
various limit procedures applied to vertex and face sl(2) elliptic quantum affine algebras, is
given. New double Yangian structures of dynamical type are defined. Connections between
these structures are established. A number of them take the form of twist-like actions. These are
conjectured to be evaluations of universal twists.
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1. Introduction

The study of elliptic quantum algebras, defined with the help of ellipticR-matrices, has yielded
a number of algebraic structures relevant to certain integrable systems in quantum mechanics
and statistical mechanics (noticeably the XYZ model [1], RSOS models [2, 3] and sine–Gordon
theory [4, 5]). More recently, the definition and construction of some scaling limits has led to
the notion of deformed double Yangian algebras. We will investigate and develop here in great
detail the occurrence of these and other limit algebraic structures and the pattern of connection
between them, in the simplest case of an underlying sl(2) algebra.

Two classes of elliptic solutions to the Yang–Baxter equation have been identified,
respectively associated with the vertex statistical models [6, 7] and the face-type statistical
models [2, 8, 9]. The vertex elliptic R-matrix for sl(2) was first used by Sklyanin [10]
to construct a two-parameter deformation of the enveloping algebra U(sl(2)). The central
extension of this structure was proposed in [11] for sl(2), and later extended to Aq,p(ŝl(N)c)

in [12]. Its connection to q-deformed Virasoro and WN algebras [13–15] was established in
[16, 17].

The face-type R-matrices, depending on the extra parameters λ belonging to the dual
of the Cartan algebra in the underlying algebra, were first used by Felder [18] to define
the algebra Bq,p,λ(ŝl(2)c) in the R-matrix approach. Enriquez and Felder [19] and Konno
[3] introduced a current representation, although differences arise in the treatment of the
central extension. A slightly different structure, also based upon face-type R-matrices but
incorporating extra, Heisenberg algebra generators, was introduced as Uq,p(sl(2)) [3, 20].
This structure is relevant to the resolution of the quantum Calogero–Moser and Ruijsenaar–
Schneider models [21–23]. Another dynamical elliptic algebra, denoted as Aq,p;π (ŝl(2)c),
was also defined and studied in [24]. It was then interpreted, at the level of representation, as
a twist of Aq,p(ŝl(2)c).

Particular limits of the Aq,p-type algebras were subsequently defined and compared with
previously known structures. The limit p → 0 together with the renormalization of the
generators by suitable powers of p before taking the limit, leads to the quantum algebra
Uq(ŝl(2)c) such as presented in [15, 25]. It differs from the presentation in [26] by a scalar

factor in the R-matrix. The scaling limit of the algebra Aq,p;π (ŝl(2)c) was also defined in [24].
A second limit was considered in [4, 27] (R-matrix formulation) and [28] (current algebra

formulation). It is defined by takingp = q2r (elliptic nome) and z = q iβ/π (spectral parameter)
with q → 1. This algebra, denoted as Ah̄,η(ŝl(2)c), where η ≡ 1

r
and q � eεh̄ with ε → 0,

is relevant to the study of the XXZ model in its gapless regime [27]. It admits a further limit
r → ∞ (η → 0) where its R-matrix becomes identical to the R-matrix defining the double
Yangian DY (sl(2))c (centrally extended), defined in [29] (Yangian double), [30] (central
extension); alternative versions with a different normalization are given in [31] (for sl(2))
and [32] (for sl(N)). This difference in the normalization factors of the R-matrix, crucial in
confronting the centrally extended versions, is the exact counterpart of the difference between
the presentation of Uq(ŝl(2)c) in [25, 26].

One must, however, be careful in this identification in terms ofR-matrix structure since the
generating functionals (Lax matrices) of these algebras admit different interpretations in terms
of modes (generators of the enveloping algebra). In the context of Ah̄,0(ŝl(2)c) the expansion
is done in terms of continuous-index Fourier modes of the spectral parameter (see [4, 28]); in
the context of DY (sl(2))c the expansion is done in terms of powers of the spectral parameter
(see [29, 30, 32]).
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It was shown recently that both vertex algebras Aq,p(ŝl(N)c) and face-type algebras

Bq,λ(ŝl(N)c)were, in fact, Drinfel’d twists [33] of the quantum group Uq(ŝl(N)c). Originating
with the proposition of [22] on face-type algebras, the construction of the twist operators was
undertaken in both cases by Frønsdal [34, 35] and finally achieved at the level of formal
universal twists in [12, 36]. In [36], the universal twist is obtained by solving a linear equation
introduced in [37], this equation playing a fundamental rôle for complex continuation of 6j
symbols. Moreover, in the case of finite (super)algebras, the convergence of the infinite
products defining the twists was also proved in [36]. This led to a formal construction of
universal R-matrices for the elliptic algebras Aq,p and Bq,λ, of which the BB and ABF 4 × 4
matrices are, respectively, (spin- 1

2 ) evaluation representations.

2. General settings

Our strategy is to combine in as many patterns as possible the different limit procedures
introduced previously in the literature; to apply them to cases not already considered, in
particular, the face-type algebras Bq,p,λ(ŝl(2)c); and thus to achieve as large as possible a self-
contained network of algebraic structures extending from the elliptic quantum affine algebras
to the affine Lie algebra U(ŝl(2)c).

Before summarizing our investigations, we must first of all define precisely the concepts
which we will use throughout this paper, so that no ambiguity arises in our statements.

We shall deal with formal algebraic structures defined by R-matrix exchange relations
between formal 2 × 2 matrix-valued generating functionals denoted by Lax operators, using
the well known RLL formalism [38]. Explicit R-matrices are interpreted here as evaluation
representations of universal objects whenever they are known to exist, or conjectural universal
objects when not. We shall not give any precise definition of the individual generators
themselves, i.e. the specific expression of the individual generators in terms of spectral
parameter-dependent Lax operators. These definitions would eventually give rise to the fully
explicit algebraic structure. For instance, we shall not distinguish here between the double
Yangian DY (sl(2))c and the scaled algebra Ah̄,0(ŝl(2)c). Definition of, and identification
between algebraic structures will therefore be understood at the sole level of their R-matrix
presentation, except in explicitly specified cases where we are able to state relations between
the full (generator-described) exchange structures, or even the Hopf or quasi-Hopf algebraic
structures. We consider that the existence of such relations is in any case an indication that
similar connections exist at the level of universal algebras, to be explicitly formulated once the
explicit algebra generators are defined.

Similarly we shall manipulate R-matrices at the level of their evaluation representation of
spin- 1

2 (4 × 4 matrices). Only when shall we use the term ‘universal’, will it mean the abstract
algebraic object known as the universal R-matrix. The same will apply to twist operators
connecting (quasi-)Hopf algebraic structures [33], and the R-matrices of the algebras. We
recall that a twist operator F lives in the square A⊗2 of an algebraic structure; it connects two
coproducts in A as �F(·) = F�(·)F−1, and two universal R-matrices as RF = FπRF−1.
Its evaluation representation acts similarly on the evaluation representation of the universal
R-matrices:

RF
12 = F21R12F

−1
12 . (2.1)

As in the previous case of identifications of algebras, we conjecture that the occurrence
of a relation of this form at the level of evaluated R-matrices is an indication that a similar
relation exists at the level of universal algebras. We shall therefore denote any such relation
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between evaluated R-matrices as a ‘twist-like action’ (TLA) between two algebraic structures,
respectively characterized by R and RF , even when we do not have explicit proof that a
universal twist exists between the universal R-matrices, or the respective coproduct structures.

A connection of the form (2.1) where F will not depend on any parameter (spectral (z or
β, elliptic (p or r) or dynamical (w or s)) will be termed a ‘rigid twist action’.

3. Synopsis

The remainder of our paper is divided into two parts, describing structures and limits (sections 4
and 5) and then twist operations (sections 6 and 7), followed by conclusions and appendices.

In sections 4 and 5 (structures and limits) we shall describe the limit procedures whereby
the number of parameters in the R-matrix description of the algebra (hence including the
spectral parameter) is decreased, starting from either Aq,p(ŝl(2)c) or Bq,p,λ(ŝl(2)c); we shall
define the limit algebraic structures in both cases. These limit procedures may go in three (for
Aq,p(ŝl(2)c)) or four (for Bq,p,λ(ŝl(2)c)) directions:

• non-elliptic limit: one sends p to 0;
• scaling limit: one sends q to 1, with p = q2r , z = q iβ/π (z = q2iβ/π and w = q2s in the

face case, where w is related to λ, see below);
• factorization: one ‘eliminates’ the spectral parameter by a Sklyanin-type factorization.

At the level of the universal algebra this corresponds to a degeneracy homomorphism (see
[28]). This procedure is only known for vertex algebras at this point. Finite face-type
algebras, however, are known and shall be considered here, albeit without an established
connection with the affine structures;

• non-dynamical limit: in the face case the dynamical parameter λ can also be eliminated
by a procedure which we shall detail in the main body of the text.

These limit procedures, and combinations thereof, lead to the set of objects described by
figure 1. Already known structures are of course present in the diagram: Bq,p,λ(ŝl(2)c)

is the face elliptic, centrally extended algebra; Aq,p(ŝl(2)c) is the vertex elliptic, centrally

extended algebra; UF
q (ŝl(2)c) and UV

q (ŝl(2)c) are two presentations [12, 39] of the quantum

group Uq(ŝl(2)c) [25] connected by a conjugation and a twist-like action; DYV 8
r (ŝl(2)c) is the

deformed double Yangian algebra Ah̄,η(ŝl(2)c) in [28] with h̄ = 1 and η = 1/r; DYV 6
r (ŝl(2)c)

is the deformed double Yangian algebra defined in [4], connected to the previous one by a
rigid twist; DY (sl(2))c is the double Yangian defined in [29, 30]; Uq(sl(2)) is the q-deformed
sl(2) algebra; Sq,p(sl(2)) is Sklyanin’s elliptic ‘degenerate’ algebra, and Ur (sl(2)) is the
‘degenerate’ trigonometric algebra identified with Uq(sl(2)) by q = eiπ/r .

New algebraic structures also appear in this diagram, mostly due to the systematic
application of the limit procedures to the face algebra Bq,p,λ(ŝl(2)c): DYr,s(sl(2))c is

the scaling limit of Bq,p,λ(ŝl(2)c); DY−∞
r,s (sl(2))c is its s  0 limit where the periodic

behaviour in s is nevertheless retained; DYs(sl(2))c is a dynamical deformation of the

double Yangian; Uq,λ(ŝl(2)c) and U�
q,λ(ŝl(2)c) are dynamical deformations of Uq(ŝl(2)c),

respectively proportional to DY−∞
r,s (sl(2))c and DYr,s(sl(2))c through a suitable redefinition of

the parameters; DYF
r (sl(2))c is an ‘elliptic’ non-dynamical deformation of the double Yangian,

connected to DYV
r (sl(2))c by a twist-like action and proportional to Uq(ŝl(2)c) by the same

redefinition of the parameters. Finally, Us(sl(2)) and Bq,λ(sl(2)) are dynamical deformations
of the factorized structures à la Sklyanin, although they themselves are not yet understood as
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Figure 1. R-matrix network.

originating from such a factorization. In addition, we also compare the structures resulting
from Bq,p,λ(ŝl(2)c) and the structures derived [24] in the analysis of Aq,p;π (ŝl(2)c). These
structures are in, in fact, connected by a TLA which we shall describe.

In order to avoid tedious repetitions in the body of the text, we state immediately
that all these new R-matrices have been explicitly checked to obey the Yang–Baxter
equations (A.1) and (A.2) or dynamical Yang–Baxter equations (A.3) and (A.4). Such checks
are indeed required since the computational procedures which yield these R-matrices may
entail regularizations of infinite products. This fact, in turn, potentially invalidates a direct
application of these computational procedures to the Yang–Baxter equation originally satisfied
by the elliptic R-matrices.

In sections 6 and 7 (twist operations) we describe the connections which implement the
addition of supplementary parameters. To be precise:

• implementation of the elliptic nome p (or r);
• implementation of the dynamical parameter w (or s);
• implementation of the quantum parameter q along the scaling limit connections.

Two types of twist-like actions appear.

(a) TLA explicitly proved to be evaluation of universal twists, represented in the figures 5–7 by
a triple arrow. Most of them have been established previously in the literature, particularly
in [12, 34, 35, 40].

(b) TLA conjectured to be evaluations of universal twists, represented on the figures 5–7 by a
double arrow. All these objects are new. They are either deduced from previously known
ones by limit procedures or combinations; or explicitly computed from scratch.

We conclude with some indications on further possible investigations.
Finally, one appendix recalls the different forms of Yang–Baxter equations together with

the definitions of twists and cocycle relations. The second appendix collects a few mathematical
definitions and formulae related to elliptic functions.
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Structures and limits

4. Vertex-type algebras

We will start from the elliptic algebra Aq,p(ŝl(2)c) and take the above-described different
limits to obtain various quantum algebras and deformed double Yangians.

4.1. Elliptic algebra Aq,p(ŝl(2)c)

Let us consider the following R-matrix [6, 11]:

R(z, q, p) = τ(q1/2z−1)

µ(z)


a(z) 0 0 d(z)

0 b(z) c(z) 0

0 c(z) b(z) 0

d(z) 0 0 a(z)

 (4.1)

where

a(z) = z−1 !p2(q2z2)!p2(pq2)

!p2(pq2z2)!p2(q2)
(4.2)

b(z) = qz−1 !p2(z2)!p2(pq2)

!p2(pz2)!p2(q2)
(4.3)

c(z) = 1 (4.4)

d(z) = −p1/2q−1z−2 !p2(z2)!p2(q2z2)

!p2(pz2)!p2(pq2z2)
. (4.5)

The normalization factors are

1

µ(z)
= 1

κ(z2)

(p2;p2)∞
(p;p)2∞

!p2(pz2)!p2(q2)

!p2(q2z2)
(4.6)

1

κ(z2)
= (q4z−2;p, q4)∞(q2z2;p, q4)∞(pz−2;p, q4)∞(pq2z2;p, q4)∞

(q4z2;p, q4)∞(q2z−2;p, q4)∞(pz2;p, q4)∞(pq2z−2;p, q4)∞
(4.7)

τ(q1/2z−1) = q−1/2z
!q4(q2z2)

!q4(z2)
. (4.8)

R satisfies the so-called quasi-periodicity property

R12(−zp1/2) = (σ1 ⊗ 1l)−1 R21(z
−1)−1 (σ1 ⊗ 1l). (4.9)

It also obeys the crossing-symmetry property (A.8), but not unitarity (A.7).
This matrix defines the elliptic algebra Aq,p(ŝl(2)c) as

R12(z1/z2, q, p)L1(z1) L2(z2) = L2(z2) L1(z1) R12(z1/z2, q, p
∗ = pq−2c). (4.10)
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4.2. Non-elliptic limit: quantum affine algebra Uq(ŝl(2)c)

Starting from the above R-matrix of Aq,p(ŝl(2)c), and taking the limit p → 0, one obtains the

Uq(ŝl(2)c) algebra, with its R-matrix given by

RV (z) = ρ(z2)



1 0 0 0

0
q(1 − z2)

1 − q2z2

z(1 − q2)

1 − q2z2
0

0
z(1 − q2)

1 − q2z2

q(1 − z2)

1 − q2z2
0

0 0 0 1


. (4.11)

The normalization factor is

ρ(z2) = q−1/2 (q2z2; q4)2
∞

(z2; q4)∞(q4z2; q4)∞
. (4.12)

It is known [11] that the algebra Uq(ŝl(2)c) is only obtained after a suitable renormalization

of the generators of Aq,p(ŝl(2)c) and a subsequent non-continuous limit p → 0.

The algebra Uq(ŝl(2)c) is then defined by the relations

R12(z1/z2) L
±
1 (z1) L

±
2 (z2) = L±

2 (z2) L
±
1 (z1) R12(z1/z2) (4.13)

R12(q
c/2z1/z2) L

+
1(z1) L

−
2(z2) = L−

2(z2) L
+

1(z1) R12(q
−c/2z1/z2). (4.14)

As indicated in the introduction, we do not discuss the problem of generator expansions
here. The same caveat will hold throughout the whole paper, namely we shall assume that
suitable, consistent expansions of the Lax equations will exist to generate well defined algebraic
structures.

4.3. Scaling limit

The so-called scaling limit of an algebra will be understood as the algebra defined by the
scaling limit of the R-matrix of the initial structure. It is obtained by setting in the R-matrix
p = q2r (elliptic nome) and z = q iβ/π (spectral parameter) with q → 1 and r , β being kept
fixed. The spectral parameter in the Lax operator is now to be taken as β.

4.3.1. Deformed double Yangian DY V8
r (sl(2))c. Taking the scaling limit of Aq,p(ŝl(2)c),

one obtains the DYV 8
r (sl(2))c algebra. Its R-matrix takes the form [4, 41] (the superscript V 8

is a token of the eight non-vanishing entries of the vertex-type R-matrix):

RV 8(β, r) = ρV 8(β; r)



cos iβ
2r cos π

2r

cos π+iβ
2r

0 0 − sin iβ
2r sin π

2r

cos π+iβ
2r

0
sin iβ

2r cos π
2r

sin π+iβ
2r

cos iβ
2r sin π

2r

sin π+iβ
2r

0

0
cos iβ

2r sin π
2r

sin π+iβ
2r

sin iβ
2r cos π

2r

sin π+iβ
2r

0

− sin iβ
2r sin π

2r

cos π+iβ
2r

0 0
cos iβ

2r cos π
2r

cos π+iβ
2r


.

(4.15)
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The normalization factor is

ρV 8(β; r) = −S2(−(iβ/π)|r, 2) S2(1 + (iβ/π)|r, 2)

S2((iβ/π)|r, 2) S2(1 − (iβ/π)|r, 2)
cotan

iβ

2
. (4.16)

S2(x|ω1, ω2) is the Barnes double sine function (see appendix B).
This R-matrix satisfies the quasi-periodicity property

R12(β − iπr) = (σ1 ⊗ 1l)−1 R21(−β)−1 (σ1 ⊗ 1l) (4.17)

where σ1 is the usual Pauli matrix.
It also obeys the crossing-symmetry property (A.8), but not (A.7).
The algebra DYV 8

r (sl(2))c is then defined by the relation

R12(β1 − β2, r) L1(β1) L2(β2) = L2(β2) L1(β1) R12(β1 − β2, r − c). (4.18)

4.3.2. Double Yangian DY (sl(2))c. Starting now from the quantum affine algebra Uq(ŝl(2)c)
and taking its scaling limit, one obtains the double Yangian algebra DY (sl(2))c [29]. Its R-
matrix is given by

R(β) = ρ(β)



1 0 0 0

0
iβ

iβ + π

π

iβ + π
0

0
π

iβ + π

iβ

iβ + π
0

0 0 0 1


. (4.19)

The normalization factor is

ρ(β) = �1((iβ/π)|2)�1(2 + (iβ/π)|2)
�1(1 + (iβ/π)|2)2

. (4.20)

Taking the limit r → ∞ of the R-matrix of DYV 8
r (sl(2))c (corresponding to the previous

p → 0 limit), one also obtains the double Yangian algebra.
Note that in both previous cases, the limit procedure may be applied directly to the

Lax matrices, leading to the explicit, continuous labelled algebras, respectively denoted
Ah̄,η(ŝl(2)c) and Ah̄,0(ŝl(2)c) [28].

The different limit procedures in the vertex case are summarized in figure 2.

Figure 2. The vertex-case diagram: limit procedures.
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4.4. Finite algebras

Up to now, the various limits led to affine structures. We now consider another kind of limit
where the algebra is ‘factorized’. The resulting structure is based on a finite sl(2) algebra.
This is interpreted as a highly degenerate consistent representation of the affine algebras at
c = 0, where all generators are expressed in terms of only four generators.

4.4.1. Sklyanin algebra. The Sklyanin algebra [10] is constructed from Aq,p(ŝl(2)c) taken
at c = 0. The R-matrix (4.1) can be written as

R(z) = 1l ⊗ 1l +
3∑

α=1

Wα(z) σα ⊗ σα (4.21)

whereσα are the Pauli matrices andWα(z) are expressed in terms of the Jacobi elliptic functions.
A particular z dependence of the L(z) operators is chosen, leading to a factorization of the z

dependence in the RLL relations. Indeed, setting

L(z) = S01l +
3∑

α=1

Wα(z) Sασα (4.22)

one obtains an algebra with four generators Sα (α = 0, . . . , 3) and commutation relations

[S0, Sα] = −iJβγ (SβSγ + Sγ Sβ)

[Sα, Sβ] = i(S0Sγ + Sγ S0)
(4.23)

where Jαβ = W 2
α−W 2

β

W 2
γ −1 and α, β, γ are cyclic permutations of 1, 2, 3. The structure functions

Jαβ are actually independent of z. Hence we obtain an algebra where the z dependence has
been dropped out.

4.4.2. Ur (sl(2)). The same factorization procedure (4.21) and (4.22) applied to DYV 8
r (sl(2))c

leads to a Ur (sl(2)) algebra described by (4.23) with now J12 = −J31 = tan2(π/2r) and
J23 = 0. We recognize the algebra Uq ′(sl(2)) if we set q ′ = eiπ/r .

Remark. The scaling limit of the Sklyanin algebra (4.23) also leads to the algebra Ur (sl(2)).

4.4.3. Other factorizations. Applying the factorization procedure (4.21) and (4.22) to the
quantum affine algebra Uq(ŝl(2)c), one simply obtains the finite Uq(sl(2)) algebra.

Let us remark that this algebra is also the p → 0 limit of the Sklyanin algebra.
If we finally apply the factorization procedure to the double Yangian DY (sl(2))c, one

obtains Jαβ = 0. Setting the central generator S0 to 1, we recognize the classical U(sl(2))
algebra.

Note that U(sl(2)) can also be viewed as:

(a) the r → ∞ limit of Ur (sl(2));
(b) the q → 1 limit (‘scaling limit’) of Uq(sl(2)).

The different limit procedures in the finite vertex case are summarized in figure 3.
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Figure 3. The finite vertex-case diagram: limit procedures.

5. Face-type algebras

5.1. Elliptic algebra Bq,p,λ(ŝl(2)c)

The starting point in the face case is the Bq,p,λ(ŝl(2)c) algebra. Let {h, c, d} be a basis of the

Cartan subalgebra of (ŝl(2)c). If r, s, s ′ are complex numbers, we set λ = 1
2 (s +1)h+ s ′c+ (r +

2)d. The elliptic parameter p and the dynamical parameter w are related to the deformation
parameter q by p = q2r , w = q2s .

The R-matrix of Bq,p,λ(ŝl(2)c) is [12, 18]

R(z;p,w) = ρ(z;p)


1 0 0 0

0 b(z) c(z) 0

0 c̄(z) b̄(z) 0

0 0 0 1

 (5.1)

where

b(z) = q
(pw−1q2;p)∞(pw−1q−2;p)∞

(pw−1;p)2∞

!p(z)

!p(q2z)
(5.2)

b̄(z) = q
(wq2;p)∞(wq−2;p)∞

(w;p)2∞

!p(z)

!p(q2z)
(5.3)

c(z) = !p(q
2)

!p(w)

!p(wz)

!p(q2z)
(5.4)

c̄(z) = z
!p(q

2)

!p(pw−1)

!p(pw
−1z)

!p(q2z)
. (5.5)

The normalization factor is

ρ(z;p) = q−1/2 (q2z;p, q4)2
∞

(z;p, q4)∞(q4z;p, q4)∞

(pz−1;p, q4)∞(pq4z−1;p, q4)∞
(pq2z−1;p, q4)2∞

. (5.6)

The elliptic algebra Bq,p,λ(ŝl(2)c) is then defined by [12, 18]

R12(z1/z2, λ + h)L1(z1, λ) L2(z2, λ + h(1)) = L2(z2, λ) L1(z1, λ + h(2)) R12(z1/z2, λ). (5.7)
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5.2. Dynamical quantum affine algebras Uq,λ(ŝl(2)c)

Starting from the Bq,p,λ(ŝl(2)c) R-matrix, and taking the limit p → 0, one obtains the

Uq,λ(ŝl(2)c) one.

The R-matrix of Uq,λ(ŝl(2)c) is

R(z;w) = ρ(z)



1 0 0 0

0
q(1 − z)

1 − q2z

(1 − q2)(1 − wz)

(1 − q2z)(1 − w)
0

0
(1 − q2)(z − w)

(1 − q2z)(1 − w)

q(1 − z)

(1 − q2z)

(1 − wq2)(1 − wq−2)

(1 − w)2
0

0 0 0 1


. (5.8)

The normalization factor is

ρ(z) = q−1/2 (q2z; q4)2
∞

(z; q4)∞(q4z; q4)∞
. (5.9)

5.3. Non-dynamical limit

Taking the limit w → 0 in Uq,λ(ŝl(2)c), one obtains the algebra Uq(ŝl(2)c) with an R-matrix:

RF (z) = ρ(z)



1 0 0 0

0
q(1 − z)

1 − q2z

1 − q2

1 − q2z
0

0
z(1 − q2)

1 − q2z

q(1 − z)

1 − q2z
0

0 0 0 1


. (5.10)

The normalization factor is

ρ(z) = q−1/2 (q2z; q4)2
∞

(z; q4)∞(q4z; q4)∞
. (5.11)

Remark 1. The matrix (4.11) differs from the matrix (5.10) by rescaling z → z2 and
symmetrization between the e12 ⊗ e21 and e21 ⊗ e12 terms.

Actually, the matrix R(z) is computed from the universal R-matrix of Uq(ŝl(2)c) by
R(z1/z2) = (πz1 ⊗ πz2)R where π is a spin- 1

2 evaluation representation [39]. The evaluation
parameter z is implemented using the homogeneous gradation in the representation πF

z

(respectively, the principal gradation in the representation πV
z ). In the Chevalley basis, they

are given by

πF
z (e1) = e12 πF

z (f1) = e21 πF
z (e0) = ze21 πF

z (f0) = z−1e12

πV
z (e1) = ze12 πV

z (f1) = z−1e21 πV
z (e0) = ze21 πV

z (f0) = z−1e12.
(5.12)

The corresponding presentations will be denoted, respectively, UF
q (ŝl(2)c) for (5.10) and

UV
q (ŝl(2)c) for (4.11). This change of presentation is implemented, at the level of the Lax
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operators, by the following change of basis:

L−
F (z

2) =
(

z−1/2 0

0 z1/2

)
L−
V (z)

(
z1/2 0

0 z−1/2

)
(5.13)

L+
F (z

2) =
(

z−1/2q−c/4 0

0 z1/2qc/4

)
L+
V (z)

(
z1/2q−c/4 0

0 z−1/2qc/4

)
. (5.14)

Remark 2. As in the case of (4.11), the scaling limit of the R-matrix (5.10) of UF
q (ŝl(2)c)

gives the R-matrix (4.19) of DY (sl(2))c.

5.4. Dynamical deformed double Yangian DYr,s(sl(2))c

Starting again from the Bq,p,λ(ŝl(2)c) case, and now taking the scaling limit p = q2r (elliptic
nome), z = q2iβ/π (spectral parameter), w = q2s (dynamical parameter) with q → 1, one
obtains a new structure, interpreted as a dynamical deformed centrally extended double Yangian
DYr,s(sl(2))c.

The R-matrix of DYr,s(sl(2))c is

R(β; r, s) = ρ(β; r)


1 0 0 0

0 b(β) c(β) 0

0 c̄(β) b̄(β) 0

0 0 0 1

 (5.15)

where

b(β) = �1(r − s|r)2

�1(r − s + 1|r) �1(r − s − 1|r)
sin(iβ/r)

sin((π + iβ)/r)
(5.16)

c(β) = sin((πs + iβ)/r)

sin(πs/r)

sin(π/r)

sin((π + iβ)/r)
(5.17)

b̄(β) = �1(s|r)2

�1(s + 1|r) �1(s − 1|r)
sin(iβ/r)

sin((π + iβ)/r)
(5.18)

c̄(β) = sin((πs − iβ)/r)

sin(πs/r)

sin(π/r)

sin((π + iβ)/r)
. (5.19)

The normalization factor is the same as formula (4.16), rewritten as

ρ(β; r) = S2
2 (1 + (iβ/π)|r, 2)

S2((iβ/π)|r, 2) S2(2 + (iβ/π)|r, 2)
. (5.20)

This new algebra DYr,s(sl(2))c is then defined by the relations

R12(β1 − β2, λ + h)L1(β1, λ) L2(β2, λ + h(1)) = L2(β2, λ) L1(β1, λ + h(2)) R12(β1 − β2, λ).

(5.21)

5.5. Dynamical double Yangian DYs(sl(2))c

Taking the limit r → ∞ in DYr,s(sl(2))c, one obtains a new, dynamical, centrally extended
double Yangian DYs(sl(2))c.
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The R-matrix of DYs(sl(2))c is given by

R(β) = ρ(β)



1 0 0 0

0
iβ

iβ + π

πs + iβ

s(iβ + π)
0

0
πs − iβ

s(iβ + π)

s2 − 1

s2

iβ

iβ + π
0

0 0 0 1


. (5.22)

The normalization factor is

ρ(β) = �1((iβ/π)|2)�1(2 + (iβ/π)|2)
�1(1 + (iβ/π)|2)2

. (5.23)

Remark 1. This R-matrix (5.22) is also obtained by taking the scaling limit of the R-matrix
(5.8) of Uq,λ(ŝl(2)c).

Remark 2. The |s| → ∞ limit of the R-matrix (5.22) gives back the R-matrix (4.19) of
DY (sl(2))c.

5.6. Dynamical deformed double Yangian DY−∞
r,s (sl(2))c in the trigonometric limit

Starting again from DYr,s(sl(2))c and taking s  0, but retaining the oscillating behaviour in
s, one obtains DY−∞

r,s (sl(2))c, another dynamical deformed centrally extended double Yangian
structure.

The R-matrix of DY−∞
r,s (sl(2))c reads

R(β; r, s) = ρ(β; r)



1 0 0 0

0
sin iβ

r

sin π+iβ
r

sin πs+iβ
r

sin πs
r

sin π
r

sin π+iβ
r

0

0
sin πs−iβ

r

sin πs
r

sin π
r

sin π+iβ
r

sin π s+1
r

sin π s−1
r

sin2 πs
r

sin iβ
r

sin π+iβ
r

0

0 0 0 1


.

(5.24)

The normalization factor is the same as for DYr,s(sl(2))c, see (5.20).

Remark 1. The limit r → ∞ of the R-matrix (5.24) again gives the R-matrix (5.22) of
DYs(sl(2))c.

Remark 2. Correspondence with Uq,λ(ŝl(2)c). The previous R-matrix is proportional to that

of Uq,λ(ŝl(2)c) through the following identifications of parameters:

z = e−2β/r q = eiπ/r w = e2iπs/r . (5.25)

The same identification of parameters applied to the R-matrix (5.15) of DYr,s(sl(2))c leads to

an R-matrix close to that of Uq,λ(ŝl(2)c), but with �-function dependence in the dynamical

parameter. This would define a new dynamical algebraic structure U�
q,λ(ŝl(2)c).
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5.7. Deformed double Yangian DY F
r (sl(2))c

Now taking the limit s → i∞ in DYr,s(sl(2))c, one obtains a non-dynamical structure
DYF

r (sl(2))c.
The R-matrix of DYF

r (sl(2))c is given by

R(β; r) = ρ(β; r)



1 0 0 0

0
sin(iβ/r)

sin((π + iβ)/r)
eβ/r

sin(π/r)

sin((π + iβ)/r)
0

0 e−β/r
sin(π/r)

sin((π + iβ)/r)

sin(iβ/r)

sin((π + iβ)/r)
0

0 0 0 1


. (5.26)

The normalization factor is the same as for DYr,s(sl(2))c.

Remark 1. The limit r → ∞ of the R-matrix (5.26) gives again the R-matrix of DY (sl(2))c.

Remark 2. Correspondence with Uq(ŝl(2)c). This matrix is proportional to that of Uq(ŝl(2)c)
(equation (5.10)) through the following identifications of parameters:

z = e−2β/r q = eiπ/r . (5.27)

The different limit procedures in the face case are summarized in figure 4.

Figure 4. The face-case diagram: limit procedures.

5.8. Finite-dimensional algebras

In contrast with the vertex case, the finite face-type elliptic algebras have not yet been obtained
from the affine algebras by a factorization procedure. The starting point of our description will
therefore be the R-matrix representation of Bq,λ(sl(2)) given in [40].
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5.8.1. Elliptic algebra Bq,λ(sl(2)). The R-matrix of Bq,λ(sl(2)) is

R(w) = q−1/2



1 0 0 0

0 q
1 − q2

1 − w
0

0 −w(1 − q2)

1 − w

q(1 − wq2)(1 − wq−2)

(1 − w)2
0

0 0 0 1


. (5.28)

Remark. The limit w → 0 of this matrix gives the usual R-matrix of Uq(sl(2))

R = q−1/2


1 0 0 0

0 q 1 − q2 0

0 0 q 0

0 0 0 1

. (5.29)

5.8.2. Dynamical algebra Us(sl(2)). Taking the scaling limit w = q2s with q → 1, we
obtain the dynamical algebra Us(sl(2)) with the R-matrix

R =


1 0 0 0

0 1 s−1 0

0 −s−1 1 − s−2 0

0 0 0 1

. (5.30)

The limit |s| → ∞ of (5.30) gives 1l, which is the evaluated R-matrix of U(sl(2)). In
section 7.8.2 we prove that the R-matrix (5.30) is the representation of a universal R-matrix
RUs

obtained through a twist procedure from 1l. Taking L = (π ⊗ id)(RUs
), i.e.

L =
(

1 s−1f

(1 − s − h)−1e 1 + s−1(1 − s − h)−1ef

)
(5.31)

we have checked that the dynamical RLL relations ((5.21) without aβ dependence) are provided
by the commutation relations of the U(sl(2)) generators e, f and h.

Twist operations

We now describe the twist connections between the various algebraic structures previously
defined. We first discuss twist-like actions between vertex-type algebras. We then give the
TLA between face-like algebras. The TLAs are classified here according to the ‘arrival’
algebraic structure, i.e. with the highest number of parameters.
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6. Vertex-type algebras

6.1. Twist operator UV
q (ŝl(2)c) → Aq,p(ŝl(2)c)

The existence of a twist operator between UV
q (ŝl(2)c) and Aq,p(ŝl(2)c) was proved at the level

of universal matrices in [12]. Once the operators are evaluated, one obtains

R[Aq,p(ŝl(2)c)] = E
(1)
21 (z

−1;p)R[UV
q (ŝl(2)c)]E

(1)
12 (z;p)−1. (6.1)

The twist operator E(1)(z;p) is given by [34, 35]

E(1)(z;p) = ρE(z;p)


aE(z) 0 0 dE(z)

0 bE(z) cE(z) 0

0 cE(z) bE(z) 0

dE(z) 0 0 aE(z)

 (6.2)

where

aE(z) ± dE(z) = (∓p1/2qz;p)∞
(∓p1/2q−1z;p)∞ (6.3)

bE(z) ± cE(z) = (∓pqz;p)∞
(∓pq−1z;p)∞ . (6.4)

The normalization factor is

ρE(z;p) = (pz2;p, q4)∞(pq4z2;p, q4)∞
(pq2z2;p, q4)2∞

. (6.5)

6.2. Deformed double Yangians DY V
r (sl(2))c

6.2.1. Deformed double Yangian DY V6
r (sl(2))c. We need to define an algebraic structure not

previously derived in this paper.
The R-matrix (4.15) of the deformed double Yangian DYV 8

r (sl(2))c can be related to
the two-body S matrix of the sine–Gordon theory SSG(β, r) by a rigid twist operator. The
connection goes as follows. One defines the following R-matrix [4]:

RV 6(β, r) = cotan( 1
2 iβ)SSG(β, r)

= ρV 6(β; r)



1 0 0 0

0
sin(iβ/r)

sin((π + iβ)/r)

sin(π/r)

sin(π + iβ)/r)
0

0
sin(π/r)

sin((π + iβ)/r)

sin(iβ/r)

sin((π + iβ)/r)
0

0 0 0 1


(6.6)

where ρV 6(β; r) = ρV 8(β; r), see (4.16). This R-matrix is assumed to define by the RLL
formalism an algebraic structure denoted by DYV 6

r (sl(2))c.
One now has

R[DYV 8
r (sl(2))c] = K21R[DYV 6

r (sl(2))c]K
−1
12 . (6.7)

The rigid twist operator K is given by

K = V ⊗ V with V = 1√
2

(
1 1

−1 1

)
. (6.8)



6296 D Arnaudon et al

This implies an isomorphism between DYV 8
r (sl(2))c and DYV 6

r (sl(2))c where the Lax
operators are connected by LV 8 = VLV 6V

−1.

Remark 1. The rigid twist leaves invariant the R-matrix of the undeformed double Yangian,
upon which V induces an automorphism.

Remark 2. The R-matrix (6.6) is proportional to that of UV
q (ŝl(2)c) (equation (4.11)) through

the following identifications of parameters:

z = e−β/r q = eiπ/r . (6.9)

6.2.2. Twist operator DY (sl(2))c → DY V8
r (sl(2))c. The R-matrix of DYV 8

r (sl(2))c can be
obtained from the R-matrix of DY (sl(2))c by a twist-like action:

R[DYV 8
r (sl(2))c] = E

(2)
21 (−β; r)R[DY (sl(2))c]E

(2)
12 (β; r)−1. (6.10)

The twist operator E(2)(β; r) is the scaling limit of the twist operator E(1)(z, p), see
equation (6.2). It is given by

E(2)(β; r) = ρE(β; r)


aE(β) 0 0 dE(β)

0 bE(β) cE(β) 0

0 cE(β) bE(β) 0

dE(β) 0 0 aE(β)

 (6.11)

where

aE(β) + dE(β) = 1 (6.12)

aE(β) − dE(β) = �1(r − 1 + (iβ/π)|2r)
�1(r + 1 + (iβ/π)|2r) (6.13)

bE(β) + cE(β) = 1 (6.14)

bE(β) − cE(β) = �1(2r − 1 + (iβ/π)|2r)
�1(2r + 1 + (iβ/π)|2r) . (6.15)

The normalization factor is

ρE(β; r) = �2(r + 1 + (iβ/π)|r, 2)2

�2(r + (iβ/π)|r, 2)�2(r + 2 + (iβ/π)|r, 2)
. (6.16)

6.2.3. Twist operator DY (sl(2))c → DY V6
r (sl(2))c. Combining the previous two twist-like

actions, one obtains

R[DYV 6
r (sl(2))c] = E

(3)
21 (−β; r)R[DY (sl(2))c]E

(3)
12 (β; r)−1. (6.17)

The twist operator E(3)(β; r) can be taken as E(3) = K−1E(2) which is a matrix with 16
non-vanishing entries. Noticing that KR[DY (sl(2))c]K−1 = R[DY (sl(2))c], from now on
we use the twist operator E(3) = K−1E(2)K which has the following form:

E(3)(β; r) = ρE(β; r)


1 0 0 0

0 b′
E(β) c′

E(β) 0

0 c′
E(β) b′

E(β) 0

0 0 0 1

 (6.18)
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where

b′
E(β) + c′

E(β) = �1(r − 1 + (iβ/π)|2r)
�1(r + 1 + (iβ/π)|2r) (6.19)

b′
E(β) − c′

E(β) = �1(2r − 1 + (iβ/π)|2r)
�1(2r + 1 + (iβ/π)|2r) . (6.20)

The different twist procedures in the vertex case are summarized in figure 5.

Figure 5. The vertex-case diagram: twist procedures.

7. Face-type algebras

7.1. Twist operator UF
q (ŝl(2)c) → Uq,λ(ŝl(2)c)

The two R-matrices of UF
q (ŝl(2)c) and Uq,λ(ŝl(2)c) can be related by a twist operator:

R[Uq,λ(ŝl(2)c)] = F
(3)
21 (w)R[UF

q (ŝl(2)c)]F
(3)
12 (w)−1. (7.1)

The twist operator F (3)(w) is given by

F (3)(w) =



1 0 0 0

0 1
w(q − q−1)

1 − w
0

0 0 1 0

0 0 0 1

. (7.2)

7.2. Dynamical elliptic affine algebra Bq,p,λ(ŝl(2)c)

7.2.1. Twist operator UF
q (ŝl(2)c) → Bq,p,λ(ŝl(2)c). The existence of a twist operator

between UF
q (ŝl(2)c) and Bq,p,λ(ŝl(2)c) was proved at the level of universal matrices in [12].

Once the operators are evaluated, one obtains

R[Bq,p,λ(ŝl(2)c)] = F
(1)
21 (z−1;p,w)R[UF

q (ŝl(2)c)]F
(1)
12 (z;p,w)−1. (7.3)

The twist operator F (1)(z;p,w) is given by

F (1)(z;p,w) = ρF (z;p)


1 0 0 0

0 X11(z) X12(z) 0

0 X21(z) X22(z) 0

0 0 0 1

 (7.4)
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where

X11(z) = 2φ1

(
wq2 q2

w
;p, pq−2z

)
(7.5)

X12(z) = w(q − q−1)

1 − w
2φ1

(
wq2 pq2

pw
;p, pq−2z

)
(7.6)

X21(z) = z
pw−1(q − q−1)

1 − pw−1 2φ1

(
pw−1q2 pq2

p2w−1
;p, pq−2z

)
(7.7)

X22(z) = 2φ1

(
pw−1q2 q2

pw−1
;p, pq−2z

)
. (7.8)

The normalization factor is

ρF (z;p) = (pz;p, q4)∞(pq4z;p, q4)∞
(pq2z;p, q4)2∞

. (7.9)

7.2.2. Twist operator Uq,λ(ŝl(2)c) → Bq,p,λ(ŝl(2)c). Combining the last two twist-like
actions, one obtains

R[Bq,p,λ(ŝl(2)c)] = F
(5)
21 (z−1;p,w)R[Uq,λ(ŝl(2)c)]F

(5)
12 (z;p,w)

−1
. (7.10)

The twist operator F (5)(z;p,w) is given by F (5) = F (1)F (3)−1
. The normalization factor

ρF (z;p) is given by (7.9).

7.3. Dynamical double Yangian DYs(sl(2))c

By taking the scaling limit of the connection (7.1), one obtains

R[DYs(sl(2))c] = F
(4)
21 (s)R[DY (sl(2))c]F

(4)
12 (s)−1. (7.11)

The twist operator F (4)(s) is the scaling limit of the twist operator F (3), see equation (7.2). It
is given by

F (4)(s) =


1 0 0 0

0 1 −s−1 0

0 0 1 0

0 0 0 1

. (7.12)

7.4. Deformed double Yangian DY F
r (sl(2))c

7.4.1. Twist operator DY V
r (sl(2))c → DY F

r (sl(2))c. The two deformed double Yangians
DYV

r (sl(2))c and DYF
r (sl(2))c obtained from the vertex-type algebras, on one hand, and from

face-type algebras, on the other hand, are related by twist-like actions. One has

R[DYF
r (sl(2))c](β) = K

(6)
21 (−β)R[DYV 6

r (sl(2))c](β)K
(6)
12 (β)

−1
. (7.13)
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The twist operator K(6) is

K(6)(β) =


1 0 0 0

0 eβ/2r 0 0

0 0 e−β/2r 0

0 0 0 1

. (7.14)

Using the rigid twist operator (6.8), one also obtains

R[DYF
r (sl(2))c](β) = K

(8)
21 (−β)R[DYV 8

r (sl(2))c](β)K
(8)
12 (β)

−1
. (7.15)

The twist operator K(8) is given by K(8) = K(6)K−1. This twist provides a link between the
face-type and vertex-type double Yangian structures.

7.4.2. Twist operator DY (sl(2))c → DY F
r (sl(2))c. The connection between R-matrices of

DY (sl(2))c and DYF
r (sl(2))c can be established by three different combinations of previously

constructed twist-like actions. These three combinations of course, by construction, give the
same twist operator F (7) = K(6)E(3) = K(6)K−1E(2)K . One therefore has

R[DYF
r (sl(2))c] = F

(7)
21 (−β; r, )R[DY (sl(2))c]F

(7)
12 (β; r)−1

. (7.16)

7.5. Trigonometric dynamical deformed double Yangian DY−∞
r,s (sl(2))c

7.5.1. Twist operator DY F
r (sl(2))c → DY−∞

r,s (sl(2))c. The connection between
DYF

r (sl(2))c and DY−∞
r,s (sl(2))c is achieved by the twist operator F (3):

R[DY−∞
r,s (sl(2))c] = F

(3)
21 (s)R[DYF

r (sl(2))c]F
(3)
12 (s)

−1
. (7.17)

The twist operator F (3) is actually equal to the twist operator (7.2) by setting q = eiπ/r and
w = e2iπs/r :

F (3)(s) =



1 0 0 0

0 1 −eiπs/r sin(π/r)

sin(πs/r)
0

0 0 1 0

0 0 0 1

. (7.18)

7.5.2. Twist operator DY (sl(2))c → DY−∞
r,s (sl(2))c. The combination of two twist-like

operations yields the connection between DY (sl(2))c and DY−∞
r,s (sl(2))c:

R[DY−∞
r,s (sl(2))c] = F

(10)
21 (−β; r, s)R[DY (sl(2))c]F

(10)
12 (β; r, s)−1

. (7.19)

The twist operator F (10) is given by F (10) = F (3)F (7).

7.5.3. Twist operator DYs(sl(2))c → DY−∞
r,s (sl(2))c. Again, the combination of two twist-

like operations yields the connection between DYs(sl(2))c and DY−∞
r,s (sl(2))c:

R[DY−∞
r,s (sl(2))c] = F

(8)
21 (−β; r, s)R[DYs(sl(2))c]F

(8)
12 (β; r, s)−1

. (7.20)

The twist operator F (8) is given by F (8) = F (10)F (4)−1
.
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7.6. Dynamical deformed double Yangian DYr,s(sl(2))c

7.6.1. Twist operator DY−∞
r,s (sl(2))c → DYr,s(sl(2))c. The R-matrices of DY−∞

r,s (sl(2))c
and DYr,s(sl(2))c are connected by a diagonal TLA (not depending on the spectral parameter):

R[DYr,s(sl(2))c] = G21(r, s)R[DY−∞
r,s (sl(2))c]G12(r, s)

−1. (7.21)

The twist operator G is given by

G(r, s) =


1 0 0 0

0 g−1 0 0

0 0 g 0

0 0 0 1

 =
(

1 0

0 g

)
⊗
(

1 0

0 g−1

)
(7.22)

where

g(r, s) = �1(r − s|r)
�1(r − s + 1|r)1/2�1(r − s − 1|r)1/2

. (7.23)

Remark. Equivalently, G expressed in terms of the parameters q = eiπ/r and w = e2iπs/r

realizes a TLA between Uq,λ(ŝl(2)c) and U�
q,λ(ŝl(2)c) defined in remark 2, section 5.6.

7.6.2. Twist operator DYs(sl(2))c → DYr,s(sl(2))c. Combining the last two twists, one
obtains

R[DYr,s(sl(2))c] = F
(6)
21 (−β; r, s)R[DYs(sl(2))c]F

(6)
12 (β; r, s)−1

. (7.24)

The twist operator F (6) is given by F (6) = GF(8).

7.6.3. Twist operator DY (sl(2))c → DYr,s(sl(2))c. Similarly, by a combination of previous
twists, one obtains

R[DYr,s(sl(2))c] = F
(2)
21 (−β; r, s)R[DY (sl(2))c]F

(2)
12 (β; r, s)−1

. (7.25)

The twist operator F (2) is given by F (2) = GF(10).

7.6.4. Twist operator DY F
r (sl(2))c → DYr,s(sl(2))c. Finally, the connection between

DYF
r (sl(2))c and DYr,s(sl(2))c is provided by

R[DYr,s(sl(2))c] = F
(11)
21 (r, s)R[DYF

r (sl(2))c]F
(11)
12 (r, s)

−1
. (7.26)

The twist operator F (11) is given by F (11) = GF(3), that is

F (11)(r, s) =



1 0 0 0

0 g−1 −eiπs/r sin(π/r)

sin(πs/r)
g−1 0

0 0 g 0

0 0 0 1

 (7.27)

where g is given by (7.23).
The different twist procedures in the face case are summarized in figure 6.
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Figure 6. The face-case diagram: twist procedures.

7.7. Connections with Aq,p;π (ŝl(2)c) and derived algebras

7.7.1. Twist Bq,p,λ(ŝl(2)c) → Aq,p;π (ŝl(2)c). The R-matrix of Aq,p;π (ŝl(2)c) given in [24]
(actually their R+-matrix) is

R = z1/2rρ(z)



1 0 0 0

0
!p(z)!p(q

−2w)

!p(q2z)!p(w)

!p(zw)!p(q
2)

!p(q2z)!p(w)
0

0
!p(z

−1w)!p(q
2)

!p(q2z)!p(w)

!p(z)!p(q
2w)

!p(q2z)!p(w)
0

0 0 0 1


(7.28)

where ρ(z) is the same as (5.6). This R-matrix is obtained from (5.1) by exchanging factors
in b and b̄ so as to reconstruct a full !-function dependence and correcting the z1/2r factor.
All this can be achieved by a factorized diagonal twist which has the same form as G (7.22).

7.7.2. Twist DY−∞
r,s (sl(2))c → Ah̄,η;π (ŝl(2)c). Again, the R-matrix of the scaling limit

Ah̄,η;π (ŝl(2)c) [24] of Aq,p;π (ŝl(2)c) can be obtained from that of DY−∞
r,s (sl(2))c (5.24) by a

factorized diagonal twist. It also has the form of G (7.22), with now

g2 = sin π(s − 1)/r

sin πs/r
.
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Figure 7. The finite face-case diagram: twist procedures.

7.8. Finite-dimensional algebras

In both cases where TLA actions are known for non-affine algebras, they are evaluations of
universal twists.

7.8.1. Elliptic algebra Bq,λ(sl(2)). The twist operator that links Uq(sl(2)) to Bq,λ(sl(2)) is
[40]:

F (i)(w) =



1 0 0 0

0 1
(q − q−1)w

1 − w
0

0 0 1 0

0 0 0 1

. (7.29)

The universal form of the twist is [40]

F(w) =
∞∑
n=0

(q2w)n(q − q−1)n

(n)q−2 !(q−2w(t2 ⊗ 1); q−2)n
(et)n ⊗ (tf )n (7.30)

where e, f , t±1 are the generators of Uq(sl(2)).

7.8.2. Dynamical algebra Us(sl(2)). Its R-matrix can be obtained by action of the twist

F (ii)(s) =


1 0 0 0

0 1 −s−1 0

0 0 1 0

0 0 0 1

 (7.31)

on the R-matrix of U(sl(2)): R = 1l4×4.
We find the universal form of the twist to be

F(s) =
∞∑
n=0

1

n!

(
n−1∏
k=0

[(1 + k − s)1 − h] ⊗ 1

)−1

en ⊗ f n. (7.32)

This twist is the scaling limit of the universal twist (7.30). We have checked that it
satisfies the shifted cocycle condition (A.10). This promotes Us(sl(2)) to the level of a
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quasitriangular quasi-Hopf algebra (QTQHA) as a twist of U(sl(2)) with universal R-matrix
RUs

= F21(s)F−1
12 (s) and coproduct

�(h) = h ⊗ 1 + 1 ⊗ h ≡ h1 + h2

�(e) = 1 ⊗ e +
1 − s − h1 − h2

1 − s − h1
e ⊗ 1 · φ(s)−1

�(f ) =
[
φ(s) · f ⊗ 1 +

s

s + h1
1 ⊗ f

]
φ(s − 1)

(7.33)

where

φ(s) = 9312(s)
∣∣
h3=1 = F12(s)F12(s + h3)

−1
∣∣
h3=1 = 1 ⊗ 1 +

1

(s + h1)(1 − s − h1)
e ⊗ f.

(7.34)

The coproducts (7.33) are obtained using �(L(s)) = L2(s + h1)L1(s)π3(9312(s))
−1, with

L(s) given in (5.31) and the last equality in (7.34) comes from the evaluation of �(L11 = 1).

8. Conclusion

We have now constructed several R-matrix representations for algebraic structures, deduced
from vertex or face elliptic quantum sl(2) algebras by suitable limit procedures. We have
shown that these structures exhibited associativity properties characterized by (dynamical)
Yang–Baxter equations for their evaluated R-matrices. Finally, we have constructed a
reciprocal set of twist-like transformations, acting on the evaluated R-matrices canonically
as RT

12 = T21R12T
−1

12 .
The next step is now to try to get explicit universal formulae for theseR-matrices and twist

operators. This, in turn, requires specifying the exact form under which individual generators
are encapsulated in the Lax matrices, and thus obtain the full description of the associative
algebras which we wish to study.

Let us immediately indicate that we need, in particular, to separate (as is explained in
[28]) the two algebraic structures contained in the single R-matrix formulations labelled here
as (deformed) (dynamical) double Yangians DY...(sl(2))c. Expansion of the Lax matrix in
terms of integer labelled generators will lead to the (deformed) (dynamical) versions of the
genuine double Yangian [29–32]; expansion in terms of Fourier modes by a contour integral
will lead to the ‘scaled elliptic’ algebras [4, 28] more correctly labelled Ah̄,η(ŝl(2)c). Once
this is done, we can then start to investigate the following issues:

• representations, vertex operators;
• Hopf or quasi-Hopf algebra structure, leading to:
• universal R-matrices and twists.

Concerning these last two points a number of already known explicit results lead us to
draw reasonable conjectures on some of the newly discovered algebraic structures in our work.

8.1. Known universal R-matrices and twists

Universal R-matrices are known for Uq(ŝl(2)c) [42]; Aq,p(ŝl(2)c) [12] and Bq,p,λ(ŝl(2)c)
[12, 18]; Bq,λ(sl(2)) [40]. They are also known for the double Yangian DY (sl(N))c [30]
(proved for N = 2, conjectured for N � 3). Universal twists have been constructed in the
finite-algebra case from Uq(sl(N)) to Bq,λ(sl(N)) [12, 22, 36]; and in the affine case from

Uq(ŝl(2)c) to Aq,p(ŝl(2)c) [12] and Bq,p,λ(ŝl(2)c) [34, 35].
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8.2. Conjectures

We therefore expect that universal R-matrices and twist operators may be obtained for the
complete set of algebraic structures represented by figure 5 in the vertex case and figure 6
in the face case. The structures DY...(sl(2))c are to be interpreted here as genuine, integer-
labelled double Yangians. The explicit construction of universal objects in this frame seems
achievable, starting from the universal R-matrix in [29, 30]. This construction was recently
completed in the case of deformed double Yangians DYF,V 6,V 8

r (sl(2))c [43]. The problem of
constructing universal objects associated with the continuous-labelled algebras of Ah̄,η-type is
more delicate, since one needs, in particular, to contrive a direct universal connection between
continuous-labelled generators in Ah̄,η and discrete-labelled generators in Aqp, or between

Ah̄,0 and Uq(ŝl(2)c).

8.3. The case of unitary matrices

We have also identified ‘homothetical’ twist-like connections between 1l4×4, interpreted
as the evaluated R-matrix 1l for the centrally extended algebra U(ŝl(2)c), and unitary R-
matrices realizing an RLL-structure ‘proportional’ to Uq(ŝl(2)c). By a homothetical twist-like
connection, we mean the existence of an invertible matrix F(z) such that two R-matrices are
connected by

R̃ = f (z, p, q)F21(z
−1)RF12(z)

−1 (8.1)

where f (z, p, q) is a c-number function.
We have also computed homothetical TLAs between each double Yangian-like structure

and its antecedent structures through the scaling procedure.
Interpretation of this RLL-structure remains obscure. The canonical construction of

universal R-matrices for Uq(ŝl(2)c) [42] and their subsequent evaluation [39] leaves open
the possibility of an alternative construction of universal → evaluated R-matrix which lead to
unitary (and crossing-symmetrical)R-matrices; it may arise either by dropping the triangularity
requirement R ∈ B+ ⊗ B− ⊂ Uq(ŝl(2)c) ⊗ Uq(ŝl(2)c), or by relaxing analyticity constraints
on the evaluated R-matrix.

8.4. The notion of dynamical elliptic algebra

Finally, let us briefly comment on the notion of ‘dynamical’ algebraic structure. This notion
was applied throughout this paper to algebras incorporating an extra parameter λ belonging
to the Cartan algebra, subsequently shifted along a general Cartan algebra direction. This
shift is therefore retained in the Yang–Baxter equation for evaluated R-matrices of face type
(but not of vertex type, for which the extra parameter is simply a c-number and the shift
takes place along the central charge direction, set to zero in the evaluation representation†).
A particular illustration of this fact arises in the case of classical and quantum R-matrix for
Calogero–Moser models [21], where λ is identified with the momentum of the Calogero–
Moser particles, hence the denomination ‘dynamical’ for the R-matrices. In the algebraic
structures described here, however, λ is not yet promoted to the rôle of generator, hence this
denomination is a slight abuse of the notation. There exists, however, at least one example
of algebraic structure, Uq,p(ŝl(2)c) [3, 20], where λ and its conjugate ∂

∂λ
are ‘added’ to the

algebra Bq,p,λ(ŝl(2)c); however, Uq,p(ŝl(2)c) is not a Hopf, even quasi-Hopf, algebra. We

† This fact was clarified to us by O Babelon.
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expect therefore that similar genuinely dynamical algebraic structures may be associated in
the same way to all ‘dynamical’ algebras described here, and may play an important rôle in
solving the models where such algebras arise.
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Appendix A. General properties of R-matrices and twists

All evaluated R-matrices in this paper obey one of the following equations, implying the
associativity of the exchange algebra.

• Yang–Baxter equation:

R12(z) R13(zz
′) R23(z

′) = R23(z
′) R13(zz

′) R12(z) (A.1)

R12(β)R13(β + β ′) R23(β
′) = R23(β

′) R13(β + β ′) R12(β). (A.2)

• Dynamical Yang–Baxter equation:

R12(z, λ + h(3)) R13(zz
′, λ) R23(z

′, λ + h(1)) = R23(z
′, λ) R13(zz

′, λ + h(2)) R12(z, λ)

(A.3)

R12(β, λ + h(3)) R13(β + β ′, λ) R23(β
′, λ + h(1))

= R23(β
′, λ) R13(β + β ′, λ + h(2)) R12(β, λ) (A.4)

depending upon the multiplicative or additive nature of the spectral parameter.
Among the algebraic structures which we consider here, some are known to have

quasitriangular Hopf algebra (QTHA) structure (for instance Uq(ŝl(2)c), DY (sl(2))c) [44],

and others are QTQHA [33] (for instance Aq,p(ŝl(2)c), Bq,p,λ(ŝl(2)c)).
Their universal R-matrices R ∈ A ⊗ A obey the universal Yang–Baxter equation in the

first case,

R12R13R23 = R23R13R12 (A.5)

and a more complicated Yang–Baxter-type equation in the second case, involving a cocycle
9 ∈ A ⊗ A ⊗ A:

R129312R139
−1
132R239123 = 9321R239

−1
231R139213R12. (A.6)

However, in all the cases which are considered here, the R-matrices, once evaluated, obey
the Yang–Baxter or dynamical Yang–Baxter equation.

We now recall the following contingent properties of evaluated R-matrices.

• Unitarity:

R12(z) R21(z
−1) = 1l

R12(β)R21(−β) = 1l.
(A.7)
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• Crossing-symmetry:(
R12(x)

t2
)−1 = (

R12(q
2x)−1

)t2(
R12(β)

t2
)−1 = (

R12(β − 2iπ)−1
)t2 (A.8)

depending upon the multiplicative or additive nature of the spectral parameter.
The unitarity relation is not satisfied in most cases: the already known evaluated R-

matrices for Aq,p(ŝl(2)c), Bq,p,λ(ŝl(2)c), Uq,λ(ŝl(2)c) only obey the crossing relation (A.8)
[12, 39].

We have indicated that universal twist operators F transform a coproduct � into another
one �F (·) = F�(·)F−1 and the R-matrix into RF = F21RF−1

12 . If now (A,�,R) defines a
quasi-triangular Hopf algebra and F satisfies the cocycle condition

F12(� ⊗ id)F = F23(id ⊗ �)F . (A.9)

(A,�F ,RF ) defines again a quasi-triangular Hopf algebra. If, however, F satisfies no
particular cocycle-like relation, (A,�F ,RF ) defines a QTQHA: RF satisfies then the YB-
type equation (A.6). An interesting intermediate structure arises when F satisfies a so-called
shifted cocycle condition, depending upon a parameter λ such that [18, 22]:

F12(λ)(� ⊗ id)F = F23(λ + h(1))(id ⊗ �)F (A.10)

where h ∈ A. In this case, RF satisfies the universal form of the dynamical Yang–Baxter
equation (A.3).

Appendix B. Useful functions

The infinite multiple products are defined by

(z;p1, . . . , pm)∞ =
∏
ni�0

(1 − zp
n1
1 . . . pnm

m ). (B.11)

The ! functions used in this paper are defined by

!a(x) = (x; a)∞(ax−1; a)∞(a; a)∞ (B.12)

�r is the multiple Gamma function of order r given by

�r(x|ω1, . . . , ωr) = exp

(
∂

∂s

∑
n1,...,nr�0

(x + n1ω1 + · · · + nrωr)
−s

∣∣∣∣
s=0

)
. (B.13)

In particular,

�1(x|ω1) = ω
x/ω1
1√

2πω1

�

(
x

ω1

)
.

It has the following property:

�r(x + ωi |ω1, . . . ωr)

�r(x|ω1, . . . ωr)
= 1

�r−1(x|ω1, . . . ωi−1, ωi+1 . . . , ωr)
. (B.14)

Multiple sine functions are defined by

Sr(x|ω1, . . . ωr) = �r(x|ω1, . . . ωr)
−1�r(ω1 + · · · + ωr − x|ω1, . . . ωr)

(−1)r . (B.15)
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In particular,

S1(x|ω1) = 2 sin

(
πx

ω1

)
and the Barnes double sine function of periods ω1 and ω2 is given by [45]

S2(x|ω1, ω2) = �2(ω1 + ω2 − x|ω1, ω2)

�2(x|ω1, ω2)
. (B.16)

The q-hypergeometric function

2φ1

(
qa qb

qc
; q, z

)
is defined by

2φ1

(
qa qb

qc
; q, z

)
=

∞∑
n=0

(qa; q)n(qb; q)n
(qc; q)n(q; q)n zn where (x; q)n =

n−1∏
k=0

(1 − xqk).

(B.17)
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Deformation theory and Symplectic Geometry (Ascona) pp 117–38

(Jimbo M, Konno H and Miwa T 1996 Preprint hep-th/9610079)
[28] Khoroshkin S, Lebedev D and Pakuliak S 1998 Elliptic algebra Aq,p( ˆsl2) in the scaling limit Commun. Math.

Phys. 190 597
(Khoroshkin S, Lebedev D and Pakuliak S 1997 Preprint q-alg/9702002)

[29] Khoroshkin S M and Tolstoy V N 1994 Yangian double and rational R matrix Preprint hep-th/9406194
[30] Khoroshkin S M 1996 Central extension of the Yangian double Collection SMF, 7ème Rencontre du Contact
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